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Outline

 Module 1: Foundation of AI Sensors

 Module 2: Sensors for Electrical Systems

 Module 3: Sensors for Mechanical Systems

 Module 4: Sensors for All Environments

 Module 5: Sensors for All Industries
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Remember your mission as MAE 

undergraduates …

You are here to grow your knowledge 

and skills so as to be able to design 

machines with controllable behaviors 

and hopefully in some intelligent 

ways.
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How to fulfill your mission?
 To apply learnt knowledge and skills into the implementation of the following 

universal blueprint underlying all the intelligent machines or systems.

Systems

Under 

Control

Actual

Workspace

Control

Modules

Sensory

Modules

Planning

Modules
Digital

Workspace

User’s 

Instructions

+
-

Perception

Modules

Automation

Autonomy
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Why to study this course?

We are living inside an ocean of signals
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How to study this 

course?
 To put yourselves into the 

mindset of designers of 

networked sensors as 

products:

 Who are the users?

 What are the needs of users?

 What are your Internet of 

Sensors, which could meet 

the needs of your users or 

buyers?

 What are the solutions 

behind the design of your 

Internet of Sensors?

Market Demands or Needs

Product Specifications

Design Specifications

Conceptual Design

Selection of Materials/Components/Devices

Embodiment Design

Prototyping

Optimizing

Production

MarketingPractice with MATLAB
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SensingMeasurement

Decision Action
Physical

World

Conceptual

World

What are you going to study in 

this course?

RandomnessFuzziness

Module 1: Foundation of AI Sensors

• Basics of Physical World

• Randomness of Physical World

• Basics of Conceptual Worlds

• Fuzziness of Conceptual Worlds

Module 2: For Electrical Systems

• Measurement of Voltage

• Measurement of Current

• Measurement of Resistance

• Measurement of Capacitance

• Measurement of Inductance

Module 3: For Mechanical Systems

• Measurement of Position

• Measurement of Velocity

• Measurement of Acceleration

• Measurement of Force

• Measurement of Torque

Module 4: For All Environments

• Measurement of Pressure

• Measurement of Temperature

• Measurement of Humidity

• Measurement of Vibration

• Measurement of Air Quality

Module 5: For All Industries

• Measurement of Fluid Level

• Measurement of Flow Rate

• Measurement of Sound/Voice

• Measurement of Photometry

• Measurement of Geometry

AI Loop
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How to apply?

Front-end 

Sensor

Front-end 

Sensor

Back-end 

Sensor

Directly-detectable

Quantities

Not-Directly-detectable

Quantities

Readable Values

Readable Values
Directly-detectable

Quantities

Sensing

Calibration

Measurement
Sensory Data with 

Unbounded Error

Sensory Data with

Bounded Error

Physical Quantities

Under Measurement

Fuzzification
{Beliefs}

{Texts}

AI Sensors

Languages
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Today’s Lectures …

 Module 1: Foundation of AI Sensors

 Module 2: Sensors for Electrical Systems

 Module 3: Sensors for Mechanical Systems

 Module 4: Sensors for All Environments

 Module 5: Sensors for All Industries



(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Design, Machine, Control, Intelligence

Sensors for Electrical Systems

Xie Ming, PhD (France)

mmxie@ntu.edu.sg 

http://personal.ntu.edu.sg/mmxie 

MA4822

Module 2

mailto:mmxie@ntu.edu.sg


11(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance
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Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance



(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Design, Machine, Control, Intelligence

Measurement of Voltage

Xie Ming, PhD (France)

mmxie@ntu.edu.sg 

http://personal.ntu.edu.sg/mmxie 

MA4822

Module 2 Lecture 1

mailto:mmxie@ntu.edu.sg


14(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Example of Electric Charges inside 

Human Bodies …
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Structure of Matter

Matters

 Molecules

 Atoms

Atoms

 Electrons

 Protons

 Quarks

 Neutrons

 Quarks

Nucleus
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Example of Molecules

Water in Solid State Water in Liquid State
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Example of Atoms
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Example of Nucleus
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What happens when a neutral 

atom losses or gains an electron?

 Answer:

Positive ion Negative ion
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Definition of Electrical Charges

 When a neutral atom losses electrons, the result 

is called a positive electrical charge.

 A proton itself is a positive electrical charge!

 When a neutral atom gains electrons, the result 

is called a negative electrical charge.

 An electron itself is a negative electrical charge!
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Properties and Constraints of Electrical 

Charges
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Example

+

-

Movement due to force of attraction
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Electrical charges can be induced
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Example of Creating Positive Charges
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Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Coulomb’s Law

 Charles Augustin de Coulomb (1736-1806) has done the study 

about the interaction force between charges.

 He has discovered that the interaction force is proportional to 

charges and inversely proportional to their distance square.

2

21

r

qq
kF =
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Unit of Charge

 One unit of charge is one Coulomb, denoted as C

 1 C is equal to:

 The charge of one electron is:

 The charge of one proton is:

electrons 106 18

C191060217733.1 −

C191060217733.1 −
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Value of k 

2

21

r

qq
kF =

229 /N.m 10988.8 Ck =

229

0

/CN.m 100.9
4

1
==


k

2212

0 /N.mC 10854.8 −=
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Example

 Find the electrical force between charge q1=+25nC and q2=-75nC 

if their distance is 3.0cm.

 Answer:

2

99
9

2

21

)03.0(

10701025
100.9

−− 
==

r

qq
kF

N 019.0=F
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Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Concept of Electrical Field

 We have a point charge Q and a unit charge q

 Then, the electrical force at distance r is:

 Finally, we can define the force per unit charge as electrical field 

density which is a vector:

22 r

Q
k

r

Qq
kF ==

2r

Q
kE = r

r

Q
kE


•=

3
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Definition of Electrical Field

 A point charge creates a field of forces acting 

on unit charges in its proximity. Such a field of 

forces is called Electrical Field.

 The density of electrical field is equal to:

2r

Q
kE = r

r

Q
kE


•=

3

(vector representation)
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Example

 There is a point with a charge of Q1 in a space. If we place another charge 

of Q2 inside the electrical field of Q1, what is the force acting on Q2 if the 

distance between the two charges is r?

 Answer:

Q1

Q2

2

1

r

Q
kE =

2
1

2
2
Q

r

Q
kQEF •=•=
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Example

 We have two charges as shown in the 

figure. What is the electrical field at 

the position which is at distance r1 

from q1 and at distance r2 from q2?

 Answer: 

)cos()cos( 21  EEEx +=

)sin()(sin 21  EEEy +=

jEiEE yx


+=

Y

X
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Example

 We have four charges as shown in 

the figure. What is the electrical 

field density at point P (imagine a 

positive unit charge at P)?

 Answer:

x

y

43

4

4

33

3

3

23

2

2

13

1

1
r

r

q
kr

r

q
kr

r

q
kr

r

q
kEP


•+•+•+•=

Ԧ𝑟1 =
𝑅

2
(Ԧ𝑖 − Ԧ𝑗) Ԧ𝑟2 =

𝑅

2
(Ԧ𝑖 + Ԧ𝑗)

Ԧ𝑟3 =
𝑅

2
(−Ԧ𝑖 + Ԧ𝑗) Ԧ𝑟4 =

𝑅

2
(−Ԧ𝑖 − Ԧ𝑗)

1r


2r
3r



4r


• Repelling forces

• Attracting forces
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Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Uniform Electrical Field

 When the electrical field is constant in 

magnitude and parallel in direction, such 

electrical field is an uniform electrical field.
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Electrical Potential Energy

 In an uniform electrical field, work done by an external force which 

moves a charge q from an initial position Yi to a final position Yf is 

equal to the variation of the so-called electrical potential energy.

)( if

if

YYqEdFWPE

YYd

qEF

−••=•==

−=

•=

Work done 

by a force
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Definition of Electrical Potential Energy

 Electrical potential energy of an electrical charge inside an electrical 

field is equal to electrical force times position of the electrical charge.

Y

X

yEqU 0=

r

kQq
rq

r

Q
kU ==

2

Case 1: Point Charge

Case 2: Uniform Electrical Field

++++++++++

Gravitational Potential Energy = Gravitational Force x Height
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Definition of Electrical Potential

 The electrical potential energy per unit charge is called electrical 

potential, which is also called voltage.

Electrical Potential Energy Electrical Potential

q = 1

If q = 1
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Example

 What is the voltage at distance r1 from a point charge q1?

 Answer:

y

x

z

d

What is the force?

Discussion

F= 𝐸𝑞0
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Example

 What is the electrical potential at a point which is close to three 

charges as shown in the figure?

 Answer:
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Example

 The electrical field between two charged plates is E. If the distance 

between the two plates is d, what is the difference of voltage between 

the two plates?

 Answer:
y

x

z

d
yE

q

yqE
V •=

••
=

dEyVdyVV •==−== )0()(

Electrical potential energy

per unit charge

q
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Comparison Between Electrical 

Field and Gravitational Field

d
d

d

qEdEPE =
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Outline

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Voltage Generator
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Voltage Measurement Inside AC Generator

Physical 

Systems

Controller Actuator

Sensor

220 V

220 V
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How to convert voltages of alternative 

currents into voltages of direct currents?
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In general, AC-DC conversion involves 

two devices:
 1. Transformer which scales up or down the amplitude of AC voltages

 2. Bridge circuit of diodes, which converts sine waves into constant voltages

Without Capacitor

With Capacitor
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More Solutions …
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What is the Unit of Measurement of 

voltage?

 1 Volt = 1 Joules/Coulomb
(potential energy per unit charge)
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How to scale up or down DC voltage?

𝑉𝑜𝑢𝑡 =
𝑉𝑖𝑛

𝑅1
× 𝑅2 =

𝑅2

𝑅1
× 𝑉𝑖𝑛

Inverter

𝑉𝑜𝑢𝑡
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Exercise

 Refer to the previous slide. The resistance value of resistor 2 is 100 K 

Ohms. The variation range of input voltage is [0.0, 12.0] volts. If the 

variation range of output voltage has to be [0.0, 3.3] volts, what should 

be the resistance value of resistor 1?

Answer:

𝑉𝑜𝑢𝑡 =
𝑉𝑖𝑛

𝑅1
× 𝑅2 =

𝑅2

𝑅1
× 𝑉𝑖𝑛

𝑅1 =
𝑉𝑖𝑛

𝑉𝑜𝑢𝑡
× 𝑅2 =

12.0

3.3
× 100 𝐾 = 363.636 𝐾 𝑂ℎ𝑚𝑠
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How to cope with multiple ranges of 

voltages to be measured?

 Solution: to use a circuit with multiple pairs of resistor-to-resistor ratio.

𝑉𝑖𝑛

𝑅1

𝑅2

𝑅3

𝑅𝑛

𝑉𝑜𝑢𝑡 =
𝑅0

𝑅𝑖
𝑉𝑖𝑛

𝑅0

-

+

Inverter

i = 1,2,…,n
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How to convert voltages of a fixed range 

into computer-readable digital values?
 To use microcontroller such as ARM Cortex M4

 Working Principle:

 To predict digital value

 To generate DC voltage corresponding to each predicted digital value

 To compare input voltage with generated voltage

 To stop prediction when two voltages are close enough

 To read digital value as output

Digital

Counter

Voltage 

Synthesizer

Analogue 

Comparator

Digital

Display

Voltage

Under

Measurement

Voltage

S
to

p
 s

ig
n

a
l

Voltage

Prediction
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Example of Digital Counter …

Q3 Q2 Q1 Q0

0 0 0 0

0 0 0 1

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1

1 0 0 0

1 0 0 1

1 0 1 0

1 0 1 1

1 1 0 0

1 1 0 1

1 1 1 0

1 1 1 1

0 0 0 0

Active Clock Signal: Falling Edge
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Example of Voltage Synthesizer …

5V or 0V

5V or 0V

5V or 0V

A digital system 

outputs digital 

values encoded in 

three bits. A DAC 

converts these 

digital numbers into 

analogue voltages. 

If we use the circuit 

as shown in the 

figure, what is the 

analogue voltage if 

the digital value is 

111?

D/A Converter
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Exercise

 Refer to the figure below. If the binary input is 1010101, what is 

the analogue output?

 Answer:

1

0

1

0

1

0

1

𝑉𝑜𝑢𝑡 = −5000 ×
5

640,000
+

5

160,000
+

5

40,000
+

5

10,000
= −3.32 volts
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Example of Analogue Comparator … 

 Analogue Comparator is a device which outputs:

 logic 1 if V(+) > V(-)

 logic 0 if V(+) < V(-)
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Good News: All microcontrollers are 

actually digital voltmeters!!!

 Cortex M Series

 Support 12 inputs of 

voltages under 

measurement

 Digital values with 12 

bits
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Output from Cortex M4’s ADC

 12-bit digital numbers: 0x000 to 0xFFF

122
3.3
= inVD

D
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Blueprint of ARM Cortex M4’s ADC

12 shared

Input Channels

InputOutput

Internal Process

Sampling

Devices

Sampling

Devices

Quantization Devices

Voltages
Digital

Values
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MUX

Sampling Device 0

Sampling Device 1

Sampling Device 2

Sampling Device 3

ADC 0

Quantization Device 0

Sampling Device 0

Sampling Device 1

Sampling Device 2

Sampling Device 3

1
2
 S

e
n
s
o

rs

ADC 1

Quantization Device 1

F
IF

O
F

IF
O

C
o
m

p
a

ra
to

rs
C

o
m

p
a
ra

to
rs

4 Sample Sequencers

4 Sample Sequencers

SS0 can take in a sequence of 8 samples.

M
U

X
M

U
X
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ADC of Sequence-based Approach
The TM4C123GH6PM ADC collects sample data by using a 

programmable sequence-based approach, instead 

of the traditional single or double-sampling approaches 

found on many ADC modules. Each sample sequence is a 

Fully programmed series of consecutive(back-to-back) samples.
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Digital

Outputs

Digitization

P
o
rt

s

Sampling &

Quantization

Voltages
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Table of ADC’s Input Pins (12 in total)

Sample sequencer 0 can

take 8 analogue inputs/scan SS MUX
8 12

DC
8

Digital comparators Sample sequencers

MUX
8
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About Differential Sampling
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Application of Differential Sampling

Wheatstone Bridge Circuit
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Why to calibrate a sensor?

 Reason: 

 Measured values may not be equal to true values.

Sensing

Calibration

Measurement
Data with unbounded errors

Data with bounded errors

Physical Quantities

Under Experiments
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How to obtain reference values for 

sensor calibration?

 Standard of 1 Volt:

 It is equal to the potential difference between two 

parallel, infinite planes spaced 1 meter apart that 

create an electric field of 1 newton per coulomb.

Sensing

Calibration

Measurement

y

x

z

d



73(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

How to do sensor calibration?

 To prepare reference values as inputs.

 To read sensory outputs corresponding to reference values at input.

 To determine the equation which makes measured values to be equal 

to reference values.

True Values

Measured Values

*

*

*



74(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Exercise

 A voltmeter has a built calibration unit as shown in the figure below. The 

measurement range is between 0.0 Volts and 5.0 Volts. During a 

calibration test, the values of output 𝑌𝑖from the sensing unit are 1.2, 2.3, 

3.4, 4.5 and 5.6 when the true values of input 𝑋𝑖  are 1.0, 2.0, 3.0, 4.0 

and 5.0, respectively. What should be the equations for us to determine 

the coefficients inside the following calibration equation: 𝑍𝑖 = 𝑎4𝑌𝑖
4 +

𝑎3𝑌𝑖
3 + 𝑎2Y𝑖

2 + 𝑎1𝑌𝑖 + 𝑎0 ?

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖
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Answer:

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖

1.0 1.2

2.0 2.3

3.0 3.4

4.0 4.5

5.0 5.6

𝑍𝑖 = 𝑋𝑖 𝑌𝑖

𝑍𝑖 = 𝑎4𝑌𝑖
4 + 𝑎3𝑌𝑖

3 + 𝑎2Y𝑖
2 + 𝑎1𝑌𝑖 + 𝑎0 

1.0= 𝑎4 × 1.24 +𝑎3 × 1.23 +𝑎2 × 1.22 +𝑎1 × 1.2 + 𝑎0 

2.0= 𝑎4 × 2.34 +𝑎3 × 2.33 +𝑎2 × 2.32 +𝑎1 × 2.3 + 𝑎0 

3.0= 𝑎4 × 3.44 +𝑎3 × 3.43 +𝑎2 × 3.42 +𝑎1 × 3.4 + 𝑎0 

4.0= 𝑎4 × 4.54 +𝑎3 × 4.53 +𝑎2 × 4.52 +𝑎1 × 4.5 + 𝑎0 

5.0= 𝑎4 × 5.64 +𝑎3 × 5.63 +𝑎2 × 5.62 +𝑎1 × 5.6 + 𝑎0 
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Input voltage

Why to do sensor’s error analysis?
 Reason: To tell buyers or users about a sensor’s 

performance.

 Error analysis is to compute:

 Systematic error = mean value – true value

 Repeatability error = value with maximum error – mean 

value 

 Accuracy = value with minimum error – mean value

 Hysteresis error = |measured value in increasing – measured value 

in decreasing|
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Example
 In a calibration test, 10 measurements using a digital 

voltmeter have been made of the voltage of a battery 
that is known to have a true voltage of 6.11 Volts. The 
readings are: 5.98, 6.05, 6.10, 6.06, 5.99, 5.96, 6.02, 
6.09, 6.03, and 5.99 Volts. What is the systematic error? 
And, what is the repeatability error?

 Answer:

 Mean value of measurements is: 

 V_aver = 6.03 volts

 Systematic error is:

  V_aver – V_true = 6.03 – 6.11 = -0.08 volts

 Repeatability error is:

  V_max – V_mean = 5.96 – 6.03 = -0.07 volts

For each true value, we can do 

error analysis
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Summary

 Electrical Charge

 Electrical Force

 Electrical Field

 Electrical Potential

 Measurement of Voltage

Entity photons

Physical 

World

Controller Actuator

Sensor
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Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance
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Outline

 Understanding of Current

 Computation of Current

 Measurement of Current

Physical 

World

Controller Actuator

Sensor

Entity photons
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Outline

 Understanding of Current

 Computation of Current

 Measurement of Current

Physical 

World

Controller Actuator

Sensor

Entity photons
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Understanding Current (1)

 An atom can be in one of the 

following states:

Neutral
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Understanding Current (2)

 The flow of negative charges (i.e. electrons) in one direction gives 

rise to the impression of a flow of positive charges (or current) in 

the opposite direction.
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Understanding Current (3)

 Current is the flow of electrons inside a path 

which is called conductor.
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Example
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Understanding Current (4)

 Current cannot flow into insulator.
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Example
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Understanding Current (5)

 High current corresponds to high density of electrons in a flow. 

Low current corresponds to low density of electrons in a flow.
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Example

+12V

+1.5V

Higher voltage could produce higher current
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Understanding Current (6)

 When a current passes 

through a coil, it will 

produce a magnetic 

field.

𝑉𝑝

𝑁𝑝
=

𝑉𝑠

𝑁𝑠
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Example of Making Coils
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Example of Coils inside Motors
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What is a magnetic field?
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Understanding Current (7)

 When a current passes through a conductor which 

is placed inside a magnetic field, there will be an 

electro-magnetic force acting on the conductor.

F (force)
I (current)

l

)( BIlF


•=
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Right-hand Rule
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Example of Energy 

Conversion (Motor)
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Example of Designing Analogue Sensor
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Understanding Current (8)

 A magnetic field can cause a fraction of electrons to deviate from 

their main path. Such an effect is called Hall Effect.

Primary

Current 

Loop

Second

Current 

Loop

+

+ + +
+

+

+
+

-
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Example of Hall 

Effect Sensor

+

-+ ++
+

+

This could be 

produced by current

When there is no magnetic field, the 

electrons follow the straight path.

When there is magnetic field, the 

electrons follow the curved path. Hence, 

some electrons enter the vertical circuit 

and produce Hall voltage VH.

VH is proportional to the magnetic field 

density B.

B can be produced by electro-magnet.

B is proportional to the current which 

flows inside the electro-magnet.
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Understanding Current (9)

 Current represents electrical 

energy. 

 Energy could be converted 

from one domain into another 

domain.

Electrical Power = Voltage x Current

Mechanical Power = Force x Velocity
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Definition of Current

The flow rate of electrons in a conductor 

is called current.
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Current’s Unit of Measurement

 One unit of current corresponds to the amount of electric charges passed 

through a conductor per unit of time. It is called one Ampere.

Ampere)or  econd(Coulomb/s 
t

Q
I =

Flow Rate of  Electrons
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Other Related Units of Measurement

1

R
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Constant Current Source
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Outline

 Understanding of Current

 Computation of Current

 Measurement of Current

Physical 

World

Controller Actuator

Sensor

Entity photons
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Equation of Current (1)

 System of R Circuit

R

V
I =

𝐼(𝑠)

𝑉(𝑠)
=

1

𝑅

𝑠 = 𝜎 + 𝑗𝜔

Relationship in Frequency Domain

Time Domain

Frequency Domain
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Equation of Current (2)

 System of C Circuit

dt

dV
Ci c=

𝐼(𝑠)

𝑉(𝑠)
= 𝐶 × 𝑠

Relationship in Frequency Domain

𝑠 = 𝜎 + 𝑗𝜔

Time Domain

Frequency Domain
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Equation of Current (3)

 System of L Circuit

dt

di
LvL =

= dt
L

V
i L

𝐼(𝑠)

𝑉(𝑠)
=

1

𝐿 × 𝑠

𝑠 = 𝜎 + 𝑗𝜔

Relationship in Frequency Domain

Time Domain

Frequency Domain
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Equation of Current (4)

 Electro-magnetic System

F (force)
I (current)

l

IBlF ••=
Length of conductor Density of 

Magnetic field

Current

)( BIlF


•=
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Equation of Current (5)
 Electro-magnetic System

Design Idea of Contactless Sensor
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Outline

 Understanding of Current

 Computation of Current

 Measurement of Current

Physical 

World

Controller Actuator

Sensor

Entity photons
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Requirement of Doing Current Measurement

Physical 

Systems

Controller Actuator

Sensor

𝜏 = 𝑘 × 𝑖 𝑣 × 𝑖 = 𝜏 × 𝑣



114(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Example of Current/Torque Control
𝜏 = 𝑘 × 𝑖 𝑣 × 𝑖 = 𝜏 × 𝑣
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Principles of Measuring Current

 Current produces electro-magnet field which can 
interact with another electro-magnetic field.

 Current produces electro-magnet field which 
deviates a primary circuit’s electrons into a 
secondary circuit.

 Current could be converted into voltage with the 
use of resistor/capacitor/inductor.
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Magnetic Force Methods

 A rotor is subject to two sources of 
torques.

 One is from the torsional springs.

 The other is from the electro-magnet 
of a current under measurement.

 When the two torques are equal in 
magnitude and opposite in direction, 
the reading from a scale indicates the 
value of the current under 
measurement.

Force
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Equation Relating Current to Torque

BILF

BILF

••−=

••=

33

11

                

:L3on  force neticElectromag

                

:L1on  force neticElectromag

L1

L3

L2

L4
Torque produced by F1 about Y axis:

 𝜏1 = (
𝑏

2
sin( 𝜑)) • 𝐹1 = (

𝑏

2
sin( 𝜑)) • 𝑎 • 𝐼 • 𝐵

Torque produced by F3 about Y axis::

 𝜏3 = (−
𝑏

2
sin( 𝜑)) • 𝐹3 = (

𝑏

2
sin( 𝜑)) • 𝑎 • 𝐼 • 𝐵




 −=
2




 −=
2

x

𝜃

)( BIlF


•=
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Equation Relating Current to Angle

𝜏𝑖 = 𝑘 • 𝐼 • sin(
𝜋

2
− 𝜃)

𝜏𝑠 = 𝑐 • 𝜃




•=−•• cIk )
2

sin(

)
2

sin( 




−

•=
k

c
I

𝜃 X

Y

Force

𝜑

Torque from current:

Torque from spring:

Equality of both torques:

Equation of current:
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Conceptual Design: Ammeter
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+

-

Hall Effect Methods

 A current under 

measurement passes through 

coils or a conductor in order 

to produce electro-magnetic 

field which is applied to a 

Hall sensor.

 The primary loop of the Hall 

sensor is internally built-up.

 The secondary loop of the 

Hall sensor will output a 

voltage, which can be 

measured.

 By calibration, the output 

could be related to the 

current under measurement.
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Conceptual Design: Hardware

𝐵 =
𝜇0

2𝜋

𝐼

𝑟

Conductor
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Conceptual Design: Signal Circuit
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Voltage Methods

 If the current is very high, let the 
current under measurement to pass 
through a special resistor called 
Shunt.

 The voltage drop across the resistor or 
shunt can be measured.

 The values of current could be 
computer-readable and human-
readable.

 In this way, voltmeter becomes 
ammeter.
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What is a shunt (i.e. special resistor)?
An ammeter’s shunt allows the measurement of current values too large to 

be directly measured by a particular ammeter. In this case the shunt, a 

resistor of accurately known resistance, is placed in series with the load so 

that all of the current to be measured will flow through it. In order not to 

disrupt the circuit, the resistance of the shunt is normally very small. The 

voltage drop across the shunt is proportional to the current flowing through 

it and since its resistance is known, a voltmeter connected across the shunt 

can be scaled to directly display the current value.
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Example of Ammeter Which Could 

Measure Currents in Multiple Ranges …

Current

Flows In

Current

Flows Out
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How to design digital measurement 

and sensing systems for current?

 Current is converted to voltage which is measured by digital voltmeter.

Digital

Counter

Voltage 

Synthesizer

Analogue 

Comparator

Digital

Display

Current/

Voltage

Conversion

Current

Voltage

Voltage

S
to

p
 s

ig
n

a
l

All microcontrollers are programmable digital sensors of voltage! 
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How To Convert High Current to Voltage?
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How To Convert Normal Current to Voltage?

Microcontroller with Display

Range 

Selector
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Remember to Do Calibration

 Curve fitting for calibration:

 Yi is produced by Xi

 Zi is computed from Yi

 Zi must be equal to Xi

True Values 𝑋𝑖

Measured Values Y𝑖

*

*

*

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖Calibrated Values 𝑍𝑖
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What is the standard of 1 Ampere when 

doing the calibration of Ammeter?

 Answer:

 One ampere is the constant current that will produce 

an attractive force of 2 × 10−7 Newtons per meter of 

length between two straight and parallel conductors 

of infinite length and negligible circular cross section 

placed one metre apart in a vacuum.
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Remember to Do Error Analysis

 Systematic error = mean value – true value

 Repeatability error = value with maximum error 

– mean value 

 Accuracy = value with minimum error – mean 

value

 Hysteresis error = |measured value in increasing 

– measured value in decreasing|

Input voltage
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Example

 In a calibration test, 10 measurements using an ammeter have been made 

of a circuit that is known to have a true current of 2.0 amperes. The 

readings are: 1.98, 2.05, 2.10, 2.06, 1.99, 1.96, 2.02, 2.09, 2.03, and 1.99 

amperes. What is the systematic error? And, what is the repeatability 

error?

 Answer:

 Mean value of measurements is: I_aver = 2.027 amperes

 Systematic error = I_aver – I_true = 2.027 – 2.0 = 0.027 amperes

 Repeatability error = I_max – I_aver = 2.10 – 2.027 = 0.073 amperes
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Summary

 Understanding of Current

 Computation of Current

 Measurement of Current

Physical 

World

Controller Actuator

Sensor

Entity photons
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Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Resistance

 Computation of Resistance

 Measurement of Resistance
Resistor is a sensing element
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Resistance

 Computation of Resistance

 Measurement of Resistance
Resistor is a sensing element
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Definition of Conductor/Insulator

 Conductor refers to any material which allows electrons to pass 

through it without difficulties.

 Insulator refers to any material which does not allow electrons to 

pass through it.
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Definition of Resistor

 Resistor refers to any material which allows electrons to pass 

through it with certain levels of difficulties.
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Example of Resistor Design 
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Example of Resistor Design
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Example of Resistor Design
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Graphic Representation of Resistor
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Example of Graphic Representations

Thermistors are constructed of semiconductor material 

with a resistivity that is especially sensitive to temperature

Resistivity sensitive to light
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Definition of Resistance

 Electrical resistance measures the degree to which a 

resistor opposes an electric current passing through it.
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Example of Measuring Resistance
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Unit of Measurement of Resistance
 The unit of measurement of resistance is Ohms.

47 x 10 @ 5%
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Resistor’s Colour Code Chart

Third Band
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Example of Reading Resistor’s Colour Codes

1 0.0 103

Match the Third Band First
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Resistors Could Be Connected in Series

Calculation:

Example:
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Resistors Could Be Connected in Parallel

Calculation:

Example:
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Resistance

 Computation of Resistance

 Measurement of Resistance Resistor is a sensing element
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Ohm’s Law for Resistor

R

V
I =

R

dv
di =

𝐼(𝑠)

𝑉(𝑠)
=

1

𝑅

Flow of

Electrons

Time Domain

Frequency Domain
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Example

 In the circuit as shown in the figure, when the voltage output varies 0.2 

volts, the current changes 0.1 amperes. What is the resistance?

 Answer:

R

dv
di =

=== 2
1.0

2.0

di

dv
R

Flow of

Electrons
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Alternating Current (AC) Circuit with Resistor

 Diagram:

I(t)

f 2=
T




2
=
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Equations of AC Circuit with Resistor

 Kirchhoff’s Voltage Rule:

0)()( =− tVtV R

0)()( =− RtItV

)sin(
)(

)( 0 t
R

V

R

tV
tI ==

)sin()( 0 tItI =

I(t)

Property of LTI System: Sine input, Sine output
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AC Circuit with Resistor

 Phasor Diagram:

00 IIR = 00 VVR =

I(t)

Peak Values

Phasor Diagram
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AC Circuit with Resistor

 Root-Mean-Square Voltage: I(t)

𝑉𝑟𝑚𝑠 =
1

𝑇
න

0

𝑇

𝑉0
2 sin2( 𝜔𝑡)𝑑𝑡 =

1

𝑇
න

0

𝑇

𝑉0
2 sin2(

2𝜋

𝑇
𝑡)𝑑𝑡 =

𝑉0

2

𝑉0 = 2 × 𝑉𝑟𝑚𝑠

Peak Values (RMS: Root Mean Square)

Phasor Diagram
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Current-Voltage Methods

 Zx refers to the value of the electrical parameter of a resistor under 

measurement. Rref is a resistor with a precise value of resistance.

 Hence, the value to be calculated is:

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==
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Example of Calculating Resistance

C
o
n
s
ta

n
t 

V
o
lt
a
g
e
 S

o
u
rc

e
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Example of Calculating Resistance
C

o
n
s
ta

n
t 

V
o
lt
a
g
e
 S

o
u
rc

e
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Example of Calculating Resistance

 What is the equation of calculating the resistance RX as shown in the circuit 

below?

 Answer:

RX)  RL2  RL1( ++= IV

RL2  RL1
I

V
RX −−=

x1
Constant 

Current

 Source
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Bridge-Circuit Methods

 Four devices of resistor form a rectangle loop. A known power source is 

applied to one pair of diagonal points. The voltage output from another 

pair of diagonal points indicates the in-balance or out-of-balance of the 

bridge circuit.

4

43

2

21

Z
ZZ

V
Z

ZZ

V
V ss
null

+
−

+
=

4

43

2

21

0 Z
ZZ

V
Z

ZZ

V ss

+
−

+
=

43

4

21

2

ZZ

Z

ZZ

Z

+
=

+

sV nullV
Sine

Wave
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Example of Using Bridge-Circuit

𝑅2

𝑅1 + 𝑅2
=

𝑅𝑥

𝑅3 + 𝑅𝑥

DC

DC
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Example of Calculating Resistance

 As shown in the figure below, if V1 = V2 = 1.2 volts, what is the resistance of 

the resistor under measurement?

 Answer:

amperes 
1010

2.10.3
33



−
=RI

=
−


== K

I

V
R

R

unknown 67.62.1
2.10.3

1010 3

3

2

1V 2V

𝐼𝑅3

RX

DC
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Resistance

 Computation of Resistance

 Measurement of Resistance
Resistor is a sensing element
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Applications: Resistive Touch Screens

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

Resistor is a sensing element
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Applications: Constant Current Source

 1

 2  e

  e

   

 oa 

  1

𝑖𝑒 = (
𝑣

𝑅1 + 𝑅2
𝑅2 − 0.7)

1

𝑅𝑒
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Applications: Potentiometer
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Applications: Force/Torque Sensors

X

Z
Y

W8

W1 W2

W3

W4

W5 W6

W7
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Principles of Measuring Resistance

 Electric voltage can be 

automatically measured.

 Electric current can be 

automatically measured.

 Electric resistance could be related 

to voltage or current.

 Hence, electric resistance can also 

be automatically measured.

Rx

DC
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Input 

Selection
𝑅𝑥

V

𝐼 =
𝑉

𝑅Ω + 𝑅𝑥

𝑅𝑥 =
𝑉 − 𝐼 × 𝑅Ω

𝐼

Example of Designing Analogue Measurement and 

Sensing Systems for Resistance
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Input 

Selection
𝑅𝑥

𝐼 =
𝑉

𝑅Ω + 𝑅𝑥

V

𝑅𝑥

Example of doing manual 

measurement

𝑅𝑥 =
𝑉 − 𝐼 × 𝑅Ω

𝐼



174(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

How to design digital measurement 

and sensing systems for resistance?

 Resistance is converted to voltage which is measured by digital 

voltmeter (e.g. microcontrollers).

Digital

Counter

Voltage 

Synthesizer

Analogue 

Comparator

Digital

Display

Resistance/

Voltage

Conversion

Resistance

Voltage

Voltage

S
to

p
 s

ig
n

a
l

All microcontrollers are programmable digital sensors of voltage! 
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How to convert values of resistance 

into values of voltage?

 To use Wheatstone 

bridge circuit …

Resistor under

Measurement

𝑉𝑜𝑢𝑡 =
𝑉𝑖𝑛

𝑅1 + 𝑅3
𝑅3 −

𝑉𝑖𝑛

𝑅2 + 𝑅4
𝑅4

DC
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How to convert values of resistance into 

values of voltage? (continued)

 To use a circuit with constant 

current source …

Resistor under

Measurement

𝑉𝑖𝑛

𝑉𝑜𝑢𝑡

𝑉𝑜𝑢𝑡 = 𝑉𝑖𝑛 − 𝑅2

𝑉𝑖𝑛

𝑅1 + 𝑅2

𝑅

𝑅𝑒

𝑉1

𝑉2

𝑉2 = 𝑉1

𝑉1 = 𝑅2

𝑉𝑖𝑛

𝑅1 + 𝑅2

𝑅
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Remember to Do Calibration

 Curve fitting for calibration:

 Yi is produced by Xi

 Zi is computed from Yi

 Zi must be equal to Xi

True Values 𝑋𝑖

Measured Values Y𝑖

*

*

*

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖Calibrated Values 𝑍𝑖
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Remember to Do Error Analysis

 Systematic error = mean value – true value

 Repeatability error = value with maximum error 

– mean value 

 Accuracy = value with minimum error – mean 

value

 Hysteresis error = |measured value in increasing 

– measured value in decreasing|

Input voltage
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Summary
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Resistance

 Computation of Resistance

 Measurement of Resistance
Resistor is a sensing element
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Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance

Dynamics of Voltage
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Capacitance

 Computation of Capacitance

 Measurement of Capacitance
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Capacitance

 Computation of Capacitance

 Measurement of Capacitance
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Definition of Capacitor

 Capacitor refers to a device which can store variable electric 

charges or energy.
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Similar Device: Elastic Spring

 It is a device which stores elastic potential energy.

 The energy stored inside a spring is not constant.
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Properties of Dielectric Material

 A dielectric material (dielectric for 

short) is an electrical insulator that 

can be polarized by an applied 

electric field. When a dielectric is 

placed in an electric field, electric 

charges do not flow through the 

material.

 Dielectrics is the study of dielectric 

properties which concern the 

storage and dissipation of electric 

and magnetic energy in materials.
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Property of Capacitor with Dielectric Material

𝑄

𝑉
 increases

Increase in charges

Decrease in voltages
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Dielectric Constant …

2212

0 /N.mC10854.8 −=k =
1

4𝜋𝜀0
= 9.0 × 109N.m2/C2
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Graphic Representation of Capacitor
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Parameters of Capacitor

Q Q

C

V

 Electric charge: Q (Coulomb)

 Capacitance: C (Farad)

 Distance between two plates: d (meter)

 Area of parallel plates: A (meter²)

d

A
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Capacitance without Dielectric

 When the space between the parallel plates is vacuum, we have:

Q Q

C

V

d

olt)(Coulomb/V 
V

Q
C =

d

AV
Q


= 0

d

A
C 0=

k =
1

4𝜋𝜀0
= 9.0 × 109N.m2/C2
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Example

 A parallel-plate capacitor has the area 

of 10.0 mm². The distance between 

the plates is 0.1 mm. What is the 

capacitance?

 Answer:

d

A
C 0=

FC 12

3

6
12 108854.0

101.0

100.10
10854.8 −

−

−
− =




=

Q Q

C

V

d

k =
1

4𝜋𝜀0
= 9.0 × 109N.m2/C2
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Capacitance with Dielectric

 When a dielectric is inserted into the parallel plates, the voltage will 

decrease by a factor of K, if the charge is kept constant.

 When the voltage is kept constant, the charge will increase by a factor 

of K. So, we have:

olt)(Coulomb/V 
V

Q
C =

d

AV
KQ


= 0

d

A
KC 0=
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Capacitance

 Computation of Capacitance

 Measurement of Capacitance
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Unit of Measurement of Capacitance

 The SI unit of capacitance is the farad (symbol: F), named after the 

English physicist Michael Faraday. 

 A 1 farad capacitor, when charged with 1 coulomb of electrical charge, 

has a potential difference of 1 volt between its plates.

𝐶 =
𝑄

𝑉
(Coulomb/Volt)

𝐶 =
𝑄

𝑉
(Farad)
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Capacitors Could Be Connected in Series

Calculation:

Example:
10F 10F 33F
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Capacitors Could Be Connected in Parallel

Calculation:

Example:

FCCCC 6.03.02.01.0321total =++=++=
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Dynamics of Capacitor

 Transient Response:

i

dt

dv
Ci =

d

AV
Q


= 0

𝐼(𝑠)

𝑉(𝑠)
= 𝐶 × 𝑠

• Transient response

• Steady-state response

Time Domain

Frequency Domain

𝑠 = 𝜎 + 𝑗𝜔 This is a vector
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Frequency Response of Capacitor …

 AC Circuit:

f 2=
T




2
= • Frequency response

𝐼(𝑠)

𝑉(𝑠)
= 𝐶 × 𝑠

𝐼(𝑗𝜔)

𝑉(𝑗𝜔)
=

1

1/𝑗𝜔𝐶 Impedance

Frequency Domain
𝑠 = 0 + 𝑗𝜔
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Example of Frequency 

Response:

= 50Ω

X

X
Z

C


1
=

𝜔 = 2𝜋𝑓
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Frequency Response of Capacitor …

 Kirchhoff’s Voltage Rule:

0)()( =− tVtV C

0
)(

)( =−
C

tQ
tV

)sin()()( 0 tCVtVCtQ ==

dt

tdQ
tI

)(
)( =

)cos()( 0 tCVtI = olt)(Coulomb/V 
V

Q
C =
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Frequency Response of Capacitor …

 Capacitor’s Resistance:

)cos()( 0 tCVtI =

)cos()cos(
)/1(

)( 0
0 tIt
C

V
tI 


==

CZ

V

C

V
I 00

0
)/1(
==



𝑍𝐶 =
1

𝜔𝐶
It is called Capacitive Resistance

• Frequency response

Impedance = {Resistance, Reactance}
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Frequency Response …

 Phasor Diagram:

00 IIC = 00 VVC = Current leads voltage by 90 degrees

𝐼0

𝑉0
=

1

(
1

𝜔𝐶
)

=
1

𝑍

)cos()( 0 tCVtI =

Reactance

Impedance = {Resistance, Reactance}
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Computing Methods Using AC Circuits

 Zx refers to the resistance of the electrical parameter of a capacitor 

under measurement. Rref is a resistor with a precise value of 

resistance.

 Hence, the value of capacitance could be calculated by:

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==

X

X
Z

C


1
=

𝜔 = 2𝜋𝑓
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Example
 Voltage amplitude measured at A1 is: VA1 = 1.929 V. Voltage amplitude 

measured at A2 is VA2 = 0.310 V. Phase difference between voltage 

measured at A2 relative to A1 is θ = -79.95°. What is the amplitude of 

the difference between Voltage at A1 and Voltage at A2?

 Answer: 

iVV AA


11 =

jViVV AAA


)sin()cos( 222  +=

 XZ

(to continue)

i

j
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Answer:

iVV AA


11 =

jViVV AAA


)sin()cos( 222  +=



2

2

2

2121 ))sin(0())cos((  AAAAA VVVVV −+−=−


2

2211
2

21 )cos(2 AAAAAA VVVVVV +−=− 


202

21 31.0)95.79cos(31.0929.12929.1 +−••−=− AA VV


XZ

i

j
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Example

 Voltage amplitude measured at A1 is: VA1 = 1.929 V. Voltage amplitude 

measured at A2 is VA2 = 0.310 V. Phase difference between voltage 

measured at A2 relative to A1 is θ = -79.95°. What is the capacitance if 

Rref = 1K Ohms?

 Answer: 

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==

XZ

(to continue)



208(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Answer

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==

202 31.0)95.79cos(31.0929.12929.1

100031.0

+−••−

•
=XZ

= 193.163XZ

XZ

X

X
Z

C


1
=
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Computing Methods Using RC Circuits

https://www.youtube.com/watch?v=74fz9iwZ_sM

• Transient response

• Steady-state response
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Example

 In the following RC circuit, express the current as a function of time when 

the switch s is turned on. If the current is i(1) when t=1s, what is the 

equation for the calculation of capacitance?

 Answer:

iR
C

q
+=

q

i

RC

q

R
i −=



RC

q

Rdt

dq
−=



)1( /RCteCq −−=  𝑖 =
𝑑𝑞

𝑑𝑡
= 𝐶

𝑑𝑣

𝑑𝑡

𝑖 =
𝑑𝑞

𝑑𝑡
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q

i

𝑞(𝑡) = 𝐶𝜀(1 − 𝑒−𝑡/𝑅𝐶)

𝑖(𝑡) =
𝑑𝑞

𝑑𝑡
=

𝜀

𝑅
𝑒−𝑡/𝑅𝐶

𝐶 =
−𝑡

𝑅 × 𝑙𝑛(
𝑖(𝑡)𝑅

𝜖
)

−𝑡

𝑅𝐶
= ln(

𝑖(𝑡)𝑅

𝜖
)

𝑖 =
𝑑𝑞

𝑑𝑡
= 𝐶

𝑑𝑣

𝑑𝑡
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b) When t = 1s, we have:

𝐶 =
−𝑡

𝑅 × 𝑙𝑛(
𝑖(𝑡)𝑅

𝜖
)

𝐶 =
−1

𝑅 × 𝑙𝑛(
𝑖(1)𝑅

𝜖
)

q

i

𝑖 =
𝑑𝑞

𝑑𝑡
= 𝐶

𝑑𝑣

𝑑𝑡

Note: i(1) is given by the question
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Example

 In a RC circuit, the resistor’s 

resistance is 50 Kilo Ohms. If 

we have the plot of voltage 

across capacitor as shown in 

the figure, what is the 

capacitance and the applied 

voltage?

 Answer:

RCte
Rdt

dq
i /−==



iR
e RCt 

=/

𝑖 =
𝑑𝑞

𝑑𝑡
= 𝐶

𝑑𝑣

𝑑𝑡

𝑖𝑅 = 𝜀 − 𝑉𝐶

)1( /RCteCq −−= 
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Continued

55.0

/1

−
=


RCe
00.1

/2

−
=


RCe

C

RCt

V
e

−
=


/

𝑡 = 2𝑡 = 1

iR
e RCt 

=/

𝑖𝑅 = 𝜀 − 𝑉𝐶
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𝐶 =
1

𝑅 × 𝑙𝑛(
𝜖

𝜖 − 0.55
)

00.1

/2

−
=


RCe

00.155.055.0 −
=

−


− 











Hints

3025.01.10.1 22 +−=− 

 volts025.3=

55.0

/1

−
=


RCe

C

RCt

V
e

−
=


/
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Computing Methods Using Bridge-Circuits

 Four devices form a rectangle loop. A known power source is applied to 

one pair of diagonal points. The voltage output from another pair of 

diagonal points indicates the in-balance or out-of-balance of the bridge 

circuit.

4

43

2

21

Z
ZZ

V
Z

ZZ

V
V ss
null

+
−

+
=

4

43

2

21

0 Z
ZZ

V
Z

ZZ

V ss

+
−

+
=

43

4

21

2

ZZ

Z

ZZ

Z

+
=

+

sV nullV
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Example

 The capacitance Cx to be calculated is connected to a bridge-circuit’s arm. 

Alternating current from the built-in generator G is fed to one of the 

diagonals of the bridge. A balance indicator I is connected to the other 

diagonal of the bridge through an amplifier U. The bridge is balanced by 

selecting the reference capacitor CP that produces the minimum deflection 

of the balance indicator. By changing the ratio R1R2, it is possible to select 

the required measurement ranges.

pC

xC

G IUaV bV
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Example

 If the generator G 

produces the alternating 

voltage of Vg, what is the 

difference between Va and 

Vb?

 Answer:

pC

xC

G IUaV bV

𝑍1 = 𝑅1

𝑍2 = 𝑅2

𝑍3 =
1

𝑗𝜔𝐶𝑝

𝑍4 =
1

𝑗𝜔𝐶𝑥

to cont nue …
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Continued …

pC

xC

G IUaV bV

𝑉𝑎 − 𝑉𝑏 = (
𝑍2

𝑍1 + 𝑍2
−

𝑍𝑝

𝑍𝑥 + 𝑍𝑝
)𝑉𝑔
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Outline
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Capacitance

 Computation of Capacitance

 Measurement of Capacitance
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Applications in Electronic Circuits
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Applications in Touch Screens
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Applications in Force/Torque Sensors
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Applications in

Acceleration

Sensors
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Principles of Measuring Capacitance

 Electric voltage can be 
automatically measured.

 Electric current can be 
automatically measured.

 Electric capacitance could be 
related to voltage or current.

 Hence, electric capacitance can 
also be automatically measured.

dt

dv
Ci = 𝑣 𝑡 =

𝐼2

𝐶
𝑡

Variable DC

Constant Current Source
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How to design digital measurement 

and sensing systems for capacitance?

 Capacitance is converted to voltage which is measured by digital 

voltmeter (e.g. microcontrollers).

Digital

Counter

Voltage 

Synthesizer

Analogue 

Comparator

Digital

Display

Capacitance/

Voltage

Conversion

Capacitance

Voltage

Voltage

S
to

p
 s

ig
n

a
l

All microcontrollers are programmable digital sensors of voltage! 
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How to convert capacitance into AC or 

variable voltage? 

dt

dv
Ci = 𝑣 𝑡 =

𝐼2

𝐶
𝑡

AC

AC

Variable DC
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Example of Converting 

Capacitance into AC Voltage

= 50Ω

X

X
Z

C


1
=

𝜔 = 2𝜋𝑓
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How to convert 

AC voltages into 

DC voltages?
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Remember to Do Calibration

 Curve fitting for calibration:

 Yi is produced by Xi

 Zi is computed from Yi

 Zi must be equal to Xi

True Values 𝑋𝑖

Measured Values Y𝑖

*

*

*

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖Calibrated Values 𝑍𝑖
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Remember to Do Error Analysis

 Systematic error = mean value – true value

 Repeatability error = value with maximum error 

– mean value 

 Accuracy = value with minimum error – mean 

value

 Hysteresis error = |measured value in increasing 

– measured value in decreasing|

Input voltage
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Summary
Physical 

World

Controller Actuator

Sensor

Both resistive and capacitive technologies have a strong electrical component, 

both use ITO (Indium-Tin-Oxide, a clear conductor), and both will be around for 

a long time to come. A resistive touchscreen consists of a flexible top layer, 

then a layer of ITO (Indium-Tin-Oxide), an air gap and then another layer of ITO.

 Understanding of Capacitance

 Computation of Capacitance

 Measurement of Capacitance
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Outline of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance

Dynamics of Current
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School of Mechanical & Aerospace Engineering

Design, Machine, Control, Intelligence

Measurement of Inductance

Xie Ming, PhD (France)

mmxie@ntu.edu.sg 

http://personal.ntu.edu.sg/mmxie 

MA4822

Module 2 Lecture 5

mailto:mmxie@ntu.edu.sg
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Outline

 Understanding of Inductance

 Computation of Inductance

 Measurement of Inductance
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Outline

 Understanding of Inductance

 Computation of Inductance

 Measurement of Inductance
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What is inductor?



238(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Definition of Inductor

 An inductor, also called a coil or reactor, is a passive 
two-terminal electrical component which resists 
changes in electric current passing through it. 

 An inductor is a device which could induce magnetic 
field.

 An inductor consists of a conductor such as a wire, 
usually wound into a coil. 
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Example of Making Inductors
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Graphic Representation of Inductor
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Examples of Graphic Representations
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Physical Parameters of Inductor

 Inductance

 Number of Turns

 Cross-Sectional Area

 Length

 Inner Core Material
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Definition of Inductance

 Inductance refers to the ability for an inductor to 

induce magnetic flux by electric current.
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Ohm’s Law for 

Inductor

iL=

diLd =

dt

d
v


=

Voltage induced by the 

change rate of magnetic flux

inside a coil or loop

dt

di
Lv =
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Outline

 Understanding of Inductance

 Computation of Inductance

 Measurement of Inductance
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Unit of Measurement of Inductance

 The henry (symbol H) is the unit of electrical inductance in the 

International System of Units. The unit is named after Joseph Henry 

(1797–1878), the American scientist who discovered electromagnetic 

induction independently of and at about the same time as Michael 

Faraday (1791–1867) in England.

dt

di
Lv =
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Other Related Units of Measurement
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6 8

Decimal Point
To use military code

Inductor’s Colour Code Chart
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Example
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Inductors Could Be Connected in Series

nequal LLLL +++= ...21
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Inductors Could Be Connected in Parallel

nequal LLLL

1
...

111

21

+++=
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Dynamics of Inductor …

Switch to 1 Switch to 2

V

V

i

dt

di
LiRV +=

)1( / LtRe
R

V
i −−=

0=+
dt

di
LiR

LtRe
R

V
i /−=

Idea of 

measuring L?

• Transient response

• Steady-state response

𝐼0 =
𝑉

𝑅

𝐼0 =
𝑉

𝑅
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Example

 In a RL circuit, when the loop is closed, what is the time function 

of voltage across the inductor?

 Answer:

𝑖 =
𝑉𝑏

𝑅
(1 − 𝑒−𝑡𝑅/𝐿)

• Transient response

• Steady-state response

𝑉𝑏 = 𝑖𝑅 + 𝐿
𝑑𝑖

𝑑𝑡

𝐼0 =
𝑉𝑏

𝑅
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Continued …

𝑉𝐿 = 𝐿
𝑑𝑖

𝑑𝑡

𝑉𝐿 = 𝑉𝑏𝑒−𝑡𝑅/𝐿

𝑖 =
𝑉𝑏

𝑅
(1 − 𝑒−𝑡𝑅/𝐿)

𝐼0 =
𝑉𝑏

𝑅
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Frequency Response of Inductor …

 Diagram:

f 2=
T




2
=

• Frequency response
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Frequency Response of Inductor …

 Kirchhoff’s Voltage Rule:

0)()( =− tVtV L

0
)(

)( =−
dt

tdI
LtV

 == dttV
L

dttV
L

tI )sin(
1

)(
1

)( 0 

)
2

sin()cos()( 00 






−=−= t

L

V
t

L

V
tI

• Frequency response
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Frequency Response of Inductor …

 Inductor’s Resistance:

)
2

sin()
2

sin()( 0
0 







−=−= tIt
L

V
tI

LZ

V

L

V
I 00

0 ==


LZL =

It  s calle  In uctor’s  es stance
Impedance = {Resistance, Reactance}
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Frequency Response:

 Phasor Diagram:

𝐼𝐿0 = 𝐼0

𝑉𝐿0 = 𝑉0 Current lags voltage by 90 degrees

𝑉(𝑡) = 𝐿
𝑑𝐼(𝑡)

𝑑𝑡

𝐼(𝑠)

𝑉(𝑠)
=

1

𝐿𝑠

𝐼(𝑗𝜔)

𝑉(𝑗𝜔)
=

1

𝑗𝜔𝐿

Impedance

Reactance

Impedance = {Resistance, Reactance}

Frequency Domain

𝑠 = 0 + 𝑗𝜔
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Computing Methods Using RL Circuits under 

Frequency Response …

 Zx refers to the value of the electrical parameter of an inductor under 

measurement. Rref is a resistor with a precise value of resistance.

 Hence, the inductance could be computed as follows:

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==


X

X

Z
L =

𝑍𝑋 = 𝜔𝐿𝑋
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Example

 Voltage amplitude measured at A1 is: VA1 = 1.832 V. Voltage amplitude 

measured at A2 is VA2 = 0.952 V. Phase difference between voltage 

measured at A2 relative to A1 is θ = 56.03°. What is the amplitude of the 

difference between Voltage at A1 and Voltage at A2?

 Answer: 

iVV AA


11 =

jViVV AAA


)sin()cos( 222  +=



XZ

𝑍𝐿 = 𝜔𝐿𝑋
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Answer:

2

2

2

2121 ))sin(0())cos((  AAAAA VVVVV −+−=−


2

2211
2

21 )cos(2 AAAAAA VVVVVV +−=− 


202

21 952.0)03.56cos(952.0832.12832.1 +••−=− AA VV


XZ

iVV AA


11 =

jViVV AAA


)sin()cos( 222  +=



𝑍𝐿 = 𝜔𝐿𝑋
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Example

 Voltage amplitude measured at A1 is: VA1 = 1.832 V. Voltage amplitude 

measured at A2 is VA2 = 0.952 V. Phase difference between voltage 

measured at A2 relative to A1 is θ = 56.03°. What is the resistance of the 

inductor if Rref = 1K Ohms?

 Answer: 

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
== XZ

(to continue)
𝑍𝐿 = 𝜔𝐿𝑋
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Answer

ref

AA

AA
X R

VV

V

I

V
Z

21

22

−
==

202 952.0)03.56cos(952.0832.12832.1

1000952.0

+••−

•
=XZ

= 895.625XZ

XZ

𝐿𝑋 =
𝑍𝑋

𝜔

𝑍𝐿 = 𝜔𝐿𝑋
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Computing Methods of Using RL Circuits under Transient 

Response … 
Switch to 1 Switch to 2

V

V

i

dt

di
LiRV +=

)1( / LtRe
R

V
i −−=

0=+
dt

di
LiR

LtRe
R

V
i /−=

Idea of 

Calculating L
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Computing Methods Using Bridge Circuits

 Four devices form a rectangular loop. A known power source is applied to 

one pair of diagonal points. The voltage output from another pair of 

diagonal points indicates the in-balance or out-of-balance of the bridge 

circuit.

4

43

2

21

Z
ZZ

V
Z

ZZ

V
V ss
null

+
−

+
=

4

43

2

21

0 Z
ZZ

V
Z

ZZ

V ss

+
−

+
=

43

4

21

2

ZZ

Z

ZZ

Z

+
=

+

Sine 

Wave
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Example

 If Vnull of the circuit below is equal to zero, 

what is the equation of calculating Lx?

 Answer:

a b

f 2=

1

𝑍4
=

1

1/𝑗𝜔𝐶𝑠
+

1

𝑅𝑠

𝑍1 = 𝑅𝑥 + 𝑗𝜔𝐿𝑥

𝑍2 = 𝑅

𝑍3 = 𝑅

to cont nue  …

𝑍1 = 𝑅𝑥 + 𝑗𝜔𝐿𝑥
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Continued …

4

2

1
Z

R
Z =

𝑍1 =
(1 + 𝑗𝜔𝑅𝑠𝐶𝑠)

𝑅𝑠
𝑅2 𝐿𝑋 = 𝐶𝑠𝑅2

𝑅

𝑍1 + 𝑅
=

𝑍4

𝑅 + 𝑍4

𝑍2

𝑍1 + 𝑍2
=

𝑍4

𝑍3 + 𝑍4

1

𝑍4
=

1

1/𝑗𝜔𝐶𝑠
+

1

𝑅𝑠

This is a vector

a b

f 2=

𝑍1 = 𝑅𝑥 + 𝑗𝜔𝐿𝑥
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Outline

 Understanding of Inductance

 Computation of Inductance

 Measurement of Inductance
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Applications

 Transformers

 Electro-magnets

 Sensing Elements (e.g. acoustic sensors)

1. Flow of charges creates magnetic field.

2. Change of magnetic field creates flow of charges.
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Example of Applications
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Example of Applications
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Example of Applications
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Example of Applications
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Example of Applications
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Example of Applications

Microphone Loudspeaker
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Principles of Measuring Inductance

 Electric voltage can be automatically 
measured.

 Electric current can be automatically 
measured.

 Electric inductance could be related 
to voltage or current.

 Hence, electric inductance can also 
be automatically measured.
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How to design digital measurement 

and sensing systems for inductance?

 Inductance is converted to voltage which is measured by digital 

voltmeter (e.g. microcontrollers).

Digital

Counter

Voltage 

Synthesizer

Analogue 

Comparator

Digital

Display

Inductance/

Voltage

Conversion

Inductance

Voltage

Voltage

S
to

p
 s

ig
n

a
l

All microcontrollers are programmable digital sensors of voltage! 
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How to convert inductance into AC voltage? 

𝑉𝑖𝑛

𝑉𝑜𝑢𝑡

𝑉𝑖𝑛

𝑉𝑜𝑢𝑡
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Microcontroller

AC
DC

Sensory Data

How to convert 

AC voltages into 

DC voltages?



280(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

Nanyang Technological University

Example of 

Converting 

Inductance to AC 

Voltage Which Is 

Further 

Converted Into 

DC Voltage
Ground
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Remember to Do Calibration

 Curve fitting for calibration:

 Yi is produced by Xi

 Zi is computed from Yi

 Zi must be equal to Xi

True Values 𝑋𝑖

Measured Values Y𝑖

*

*

*

Sensing

Calibration

Measurement

𝑋𝑖

𝑌𝑖

𝑍𝑖Calibrated Values 𝑍𝑖
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Remember to Do Error Analysis

 Systematic error = mean value – true value

 Repeatability error = value with maximum error 

– mean value 

 Accuracy = value with minimum error – mean 

value

 Hysteresis error = |measured value in increasing 

– measured value in decreasing|

Input voltage
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Summary

 Understanding of Inductance

 Computation of Inductance

 Measurement of Inductance
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Summary of Module 2

 Lecture 1:

 Measurement of Voltage

 Lecture 2:

 Measurement of Current

 Lecture 3:

 Measurement of Resistance

 Lecture 4:

 Measurement of Capacitance

 Lecture 5:

 Measurement of Inductance
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Design, Machine, Control, Intelligence

Thank You for Listening!

“Ask not what your country can do for you – ask what you can do for 
your country,” - John F. Kennedy

“Do not think that you are needy – think that you are needed in the 
world”, - Manis Friedman

“Study will make you knowledgeable, resourceful, and hence more 
needed”, - Xie Ming
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